MASSACHUSETTS ASSOCIATION OF MATHEMATICS LEAGUES

NEW ENGLAND PLAYOFFS — 2018 - SOLUTIONS

Round 1: Arithmetic and Number Theory

2 () (27) =(72+2)(72-27)=(8) £- 2] = L. meaumslT6

(V)

e ke b

Since n cannot have a factor of 2, 3, 5, or 7, n can equal 13, 17, 19, 23, or 29.

Since the product equals 840, here are the possible values of P: 853, 857, 859, 863, 869.
Check these for divisibility by a prime greater than 7. Note that 869 satisfies the divisibility
rule for 11, namely that 8 + 9 — 6 = 11. Thus, we find that 869 = 11-79, so we reject it. We

check the others for divisibility by 13, 17, 19, 23, and 29 and none are divisible by those
numbers, giving [4]values for .

Round 2 Algebra 1

Il

36

From the first equation, x = 2. From the second equation, y = 6 or -2. Then 273 - y2 = ==

2, Oy — g = % The positive difference is 4.

55 X :
==~ 5x?=x* ~1->0=-1, so no solution. If x <0 then

o=l X

i s 1
2 :x—Hh)xQ =x* +2 x+1 making |x=——
= il X 2

18 5% 20, |x|:x

!x} = — X, giving

1 _x+3 1

b gl x+4
X+3

. RIAE
Then 300[5)— = 5} = [5]. Note: x can't be -3 since it makes a denominator equal to 0.

-4 <26 LSks—l—.
30 20

—>x:%~4. Then 16 <

S =
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Round 3 — Geometry

il The altitude of the triangle is 10 and a diagonal of the square is 10+/2. The areas of the
circles are 257 and 50m. The positive difference 1s 257.

TBAW—30 o=
>, SincemP = m—;—— and mTBAW > 180, then [m/P > 75°.
A
W
\ E
.
B D
7
3. Since mZOPT =60, PT = :}; and OP = 2\7_’1 Since P() is the altitude of equilatcral triangle BPC and BC
3 3
= 6, then PQ:3\/§. Setting r+2Tr=3\/§ gives r\/§+2r:9—> r:18—9\/§ :
2
A
F 5
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Round 4 — Algebra 2
e % ST é = -1§5~ of the job done in 3 hours, which means % of the job remains to be done.
15 e

1 1 1 7 42
(—+—+—)x=—-»x—f~—
1R oG

2. Factor the second equation as y( 3x% — yz) =0. These are the solutions: y=0 or y2 = 3x%,
Substituting y = 0 into the first equation gives xX3=125-5x=5. Substituting yz = 3x% into

AR 125 5
the first equation gives x> —9x> =125 — 8x> =—125 —> x° = —i. Mg, Je= 5 Then

8
(5 SN 5 5B

S 53 \
== etes A B0, = — | — = ——
e Swers }(, )’L S
3 Since f is odd and of the 5™ degree, we have f(x):ax5+bx3+cx. Also,

f(6)=T776a+216b+6¢= (7770a 3 6a)+(210b + 6b)+ 6¢. Dividing by 10 will yield
remainders of 0 with 7770a and 210a, so the remainder is determined by 6a+ 6b+6¢. But
this equals 6(a+b+¢)=67(1)=6-7=42. The remainder when this is divided by 10 is [2].

Round 5 — Analytic Geometry

1. The equation can be rewritten as 4(y? — 12y + 36) — 9(x? + 4x + 4) = 36. This can further
(=0)E G2 g
4

= 1. This represents a hyperbola whose center is (—2, 6). To
(x+2)?

be rewritten as

=]1—»(x+2)2=12 5> x = -2+ 23

find the x-intercepts, let y=0, which gives 4 —
Therefore, the distance between the x-intercepts is 4v/3. The required area is % -6+ 43 or

12+/3.

2. The equation of the line through (1,1) perpendicular to y=2x is
: . . ! X 356 ;
y—1l=— %(x -1)—>y= —% +% . Its intersection with = 2X is the point (E’E] . This means

3 2
that the vector <—*—1,§—1>: ——,l takes (1,1) to y=2x, so it will take [EEJ to the
SRS SaS 55

[
L (17
reflection point. Answer: (E’Ej .
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3.  Let the x-intercept be a. The slope of the line is ;*g
1

Vel=> (x—a) and if x = 0, the y-intercept is
-a

, the equation of the line is

a4 . Then
2

%-a- a2=6—>a2—12a+24=0—>a=6+2\/§,making
a_

y:6+2‘/§:3+\/§-2—\6:3— 3. The sum of the intercepts is 9+
4423 243 2-43

Round 6 — Trig and Complex Numbers

7 18 9 3
it 1—2sin?2f =— — —2sin?f =— — > sin* 8 = — —sinf =—- Now
25 5 25 5
AN : 3 2 A N2 2
cosB:-—-.T}usglvesussm(9+45°)=—'——+(——)'—=—.
5 5o 3 10

2. LetC=(3,0). ThenBC=4and ABAC isa 3-4-5 right triangle. Let m2BAC = @. Call the point that B

rotates to D (x, y). Then sin ZDAC = sin(@ + 300) = %

e y=4J§2+3 |

Thus, sin@ cos 30 + cos@sin 30 = -}5-; giving

&

| W

+

4
5

L |

s
4 502

3. Extend DF and EE until they meet at P. Let PB = x.

Since APFB OAPDC, 1
BBEEC T cxin v 2 /
L R R LR T
R 4 &/ s
ms/EDC = a and mZPDC = . Then G:
tan f—tan )
tan ZFDE =tan| f— ¢ | =—F———.
(ﬁ a) 1+ tan B-tanex e 12
E
tanrx:i:landtanﬁ:B:é,then 3
1 4 D i . "
32
e AR = el L
1 Sl ils]
+ —-—
2 4
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Team Round
o A -1 ¥ =L . S
1. coslcos " x+cos  xl=cos cos 5 — cos{cos ! x)cos(cos ! xlsin{cos X

2
_%.Thus, x? ﬁ(\flw—xz) —>?x ———1_0 Then x— \[—

. However, if we

2 2
think about the graphs we realize that y =2cos™ x is a decreasing funcnon from 2 7z to 0 on

[-1,1]and y= cos™! (.5 x ) is a decreasing function from 7 to 0 on [-2,2] and so they can

|1+ \/
intersect only at one point and that has to be in the first quadrant. Answer: |

a+tc a+am a(l+m) a

@B 3 :
2 Note that if E:E, setting ¢ = am and d = bm gives S _b(1+m)_ 5
Thinking of 12 as 9m and (3 — y) as (x+y)mwehave S i 242l ;
x+y (x+»+(B-)) x+3
Thus, »=|21].

3 Let mZBAC = 0. Then the area of AAMN = 5 1-2siné = smé and the area of AABC =

1.4 -6sin@ =12smn@ = K . Then the area of AAMN = % Since AE bisects ZBAC, the

ratio of ME to EN equals the ratio of AM to AN = 1:2 so the area of A AME is % 152 3{(6

the area of A AEN is %K . Since AE bisects ZBAC , the ratio of BD to DCis 4:6 =23, so

the area of AABD equals E K Thus, the area of MEDB equals %K - EKE = % The ratio
of the area of AAEN to the area of MEBD = 2150 = 20, ;
67/180 |67
A
M
E N
B &

D
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Let D be the intersection of the two arcs, let P and O be the centers of the two semicircles, and
draw PD, OD, BD, and AC . The sum of the areas of the two semicircles is

1 2 Mg s :
57[((\[5 ) + 12) =2x. We must subtract the common region since it is counted twice. Note

that mZBCD = 60 and since QC = 0D, then ODC is an equilateral triangle making « =120.

e ; _ T 3
Thus, the area of segment BD of the small circle is %JZ" i —l-l Sleginlialll = == sl

3 4
Similarly, we show that =60 so the area of segment BD of the large circle is

1 : 3v3
én(ﬁ)z = -2*\[§ J35in60 = er-m 3:{_ . Thus, the area of the shaded region is

(
ESSIREE | S ) 4 6
A
P \\\
)i D
a \\C
B 0

Alternate solution: If we place the diagram on a coordinate axis system with B as the origin

2
then the equations of the two circles are (x—1)" +)* =1 and x* +( y—3 ) =3. Solving we

x2

; . 3 . 3
obtain y:%whlchgwes x2—2x+?:0—>x:5 making y=l/2——. Then

SiE e : :
1BC] = EJ + L?J =3. Using the Law of Cosines we find that & =120 and S =60

and the solution proceeds as above.
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a,+a a,+ [a;+(n—1)1]
= il n _— k SR 1 1

2 2

=k —>2a,+n—1=2k.

a,+a ay+1)+la+n-1
—2—~—-’1:2k—>( s ):Zk—>2a1+n:4k.Then 4a,+2n-2=2a,+n—>

21 +n=2. Since n =1, then g <1. If ¢ =0, then n=2, and the consecutive integers are

Oand 1. The average is 1/2 and if O is removed the average is 1. If; for example, a; =—1, then

n=4, the numbers are —1, 0, 1, 2. The average is again 1/2 and if -1 is removed, the average
is 1. If ¢y =-2, then n=6, the numbers are -2, -1, 0, 1, 2, 3. The average is 1/2 and if -2 is

removed, the average is 1. Clearly, the largest possible value of the smallest number &, in a

set is [0] .

6. We have 4 cases: L%J: 1 and LiJ: 8, HJ= 2 and LiJ:él, sz‘i and LiJz 2, and

BJ =8 and {iJ =1. Analyzing one of them ought to provide the clues to the others. In
the first case, from L—JIEJ =1and LiJ= 8, we obtain 1< L 2, giving % <x <1 and
B

8< L <9, giving é <y <—. The solution set to these conditions would be a rectangle in
37

oo |—

the coordinate plane with width 1— % = % and height %H é = 7—12 . The bottommost and

leftmost boundaries of the rectangle would not be included in the solution set, but not

counting those segments will not affect the area of the region. The area is %7—12 = ﬁ

The area determined by B J =8 and \jJ:I will also be kﬁ In similar fashion, the

region determined by 'jj =2 and LiJ = 4 will be the rectangle where “;- RS % and

L <y< l. This rectangle will have dimensions Lo and Lot L and its area will
5 4 2 455020
be L, the same as the area of the region determined by ‘}J =4 and FJ =2. The sum
120 x y
S e G (1 1] 11
o R s | +360 = .
of the areas is o TR TR D 0 Then 11 371

NE Mt '18 Solns 4/13/2018



